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Abstract
We consider two-component integrable generalizations of the dis-
persionless 2DTL hierarchy connected with non-Hamiltonian vector
fields, similar to the Manakov-Santini hierarchy generalizing the dKP
hierarchy. They form a one-parametric family connected by hodograph
type transformations. Generating equations and Lax-Sato equations
are introduced, a dressing scheme based on the vector nonlinear Rie-
mann problem is formulated. The simplest two-component general-
ization of the dispersionless 2DTL equation is derived, its differential
reduction analogous to the Dunajski interpolating system is presented.
A symmetric two-component generalization of the dispersionless ellip-
tic 2DTL equation is also constructed.
1 Introduction
Recently S.V. Manakov and P.M. Santini introduced a two-component sys-
tem generalizing the dispersionless KP equation to the case of non-Hamiltonian
vector fields in the Lax pair [1, 2],
uxt = uyy + (uux)x + vxuxy − uxxvy,
vxt = vyy + uvxx + vxvxy − vxxvy, (1)
and the Lax pair is
∂yΨ = ((λ− vx)∂x − ux∂λ)Ψ,
∂tΨ = ((λ
2 − vxλ+ u− vy)∂x − (uxλ+ uy)∂λ)Ψ, (2)
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where u, v are functions of x, y, t, and λ plays a role of a spectral vari-
able. For v = 0 the system (1) reduces to the dKP (Khohlov-Zabolotskaya)
equation
uxt = uyy + (uux)x. (3)
Respectively, the reduction u = 0 gives an equation [3]
vxt = vyy + vxvxy − vxxvy. (4)
The hierarchy related to this system was studied in [4, 5]. It was demon-
strated that the Manakov-Santini hierarchy represents a case N=1 of a gen-
eral (N+1)-component hierarchy. This general hierarchy is connected with
commutativity of (N+1)-dimensional vector vields containing a derivative
with respect to the spectral variable, with the coefficients of vector fields
meromorphic in the complex plane of the spectral variable and having a
pole only at one point (e.g., infinity, compare the Lax pair (2)). In this
sense the Manakov-Santini hierarchy is a two-component one-point hierar-
chy, and generalizations of the dispersionless 2DTL hierarchy we are going
to consider in this paper represent a two-component two-point case, when
vector fields have poles at two points (say, zero and infinity).
Our starting point is the formalism of the works [6, 4, 5], which we
transfer to the two-point case having in mind the representation of the dis-
persionless 2DTL hierarchy given in [7, 8] and the results of the recent work
[9], in which the dressing, the Cauchy problem and the behavior of solutions
of the dispersionless 2D Toda equation were studied. We introduce generat-
ing equations and Lax-Sato equations and develop a dressing scheme based
on vector nonlinear Riemann problem. We discover one-parametric freedom
in generalizing the dispersionless 2DTL hierarchy, and describe hodograph
type transformations connecting different generalizations.
The simplest two-component generalization of the dispersionless 2DTL
equation reads
(e−φ)tt = mtφxy −mxφty,
mtte
−φ = mtymx −mxymt, (5)
and the Lax pair is
∂xΨ =
(
(λ+
mx
mt
)∂t − λ(φt
mx
mt
− φx)∂λ
)
Ψ,
∂yΨ =
(
1
λ
e−φ
mt
∂t +
(e−φ)t
mt
∂λ
)
Ψ (6)
2
(the derivation is given below). For m = t the system (5) reduces to the
dispersionless 2DTL equation
(e−φ)tt = φxy, (7)
Respectively, the reduction φ = 0 gives an equation [3]
mtt = mtymx −mxymt.
System (5) doesn’t preserve the symmetry of the dispersionless 2DTL equa-
tion with respect to x, y variables, however, we also introduce a symmetric
generalization of the d2DTL equation.
2 Generalized dispersionless 2DTL hierarchy
We generalize a picture of the dispersionless 2DTL hierarchy given by Takasaki
and Takebe [7, 8], taking into account the results of the recent work [9], to
the case of non-Hamiltonian vector fields, similar to the Manakov-Santini
hierarchy, which generalizes the dispersionless KP hierarchy [1, 2, 4, 5]. We
consider formal series
Λout = lnλ+
∞∑
k=1
l+k λ
−k, Λin = lnλ+ φ+
∞∑
k=1
l−k λ
k, (8)
Mout = Mout0 +
∞∑
k=1
m+k e
−kΛ+ , M in = M in0 +m0 +
∞∑
k=1
m−k e
kΛ− , (9)
M0 = t+ xe
Λ + ye−Λ +
∞∑
k=1
xke
(k+1)Λ +
∞∑
k=1
yke
−(k+1)Λ,
where λ is a spectral variable. Usually we suggest that ‘out’ and ‘in’ compo-
nents of the series define the functions outside and inside the unit circle in
the complex plane of the variable λ respectively, with Λin− lnλ, M in−M in0
analytic in the unit disc, and Λout − lnλ, Mout −Mout0 analytic outside the
unit disc and decreasing at infinity. For a function on the complex plane,
having a discontinuity on the unit circle, by ‘in’ and ‘out’ components we
mean the function inside and outside the unit disc. For two-component se-
ries we observe a natural convention (AB)in = AinBin, (AB)out = AoutBout,
which corresponds to multiplication of respective functions on the complex
plane. The coefficients of the series φ, m0, l
±
k , m
±
k are functions of times t,
xn, yn. Usually for simplicity we suggest that only finite number of xk, yk
are not equal to zero.
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Generalized dispersionless 2DTL hierarchy is defined by the generating
relation
((J0)
−1dΛ ∧ dM)out = ((J0)
−1dΛ ∧ dM)in, (10)
which may be considered as a continuity condition on the unit circle for
the differential two-form (or just in terms of formal series), where J0 is a
determinant of Jacobi type matrix J ,
J =
(
λ∂λΛ ∂tΛ
λ∂λM ∂tM
)
,
Jout0 = 1+O(λ
−1), J in0 = 1+ ∂tm0 +O(λ), and we suggest that J0 6= 0; the
differential d is given by
df = ∂λfdλ+ ∂tfdt+
∞∑
k=1
∂f
∂xk
dxk +
∞∑
k=1
∂f
∂yk
dyk. (11)
As a result of a continuity condition, the coefficients of the differential two-
form in the generating relation (10) are meromorphic.
First we will give a direct derivation of the Lax-Sato equations of gener-
alized two-component d2DTL hierarchy from the generating relation (10).
It is also possible to give a derivation based on an intermediate general state-
ment about linear operators of the hierarchy, similar to the works [6], [4],
but here we prefer to demonstrate a more straightforward way of exploiting
the generating relation (10).
Taking a term of the generating relation containing dλ ∧ dxn, we get
((J0)
−1(∂λΛ∂
+
nM − ∂λM∂
+
n Λ)dλ ∧ dxn)
out
= ((J0)
−1(∂λΛ∂
+
nM − ∂λM∂
+
n Λ)dλ ∧ dxn)
in,
where we introduce a notation ∂+n =
∂
∂xn
, ∂−n =
∂
∂yn
. Thus, taking into
account (8), (9), we come to the conclusion that the functions
A+n = λ(J0)
−1(∂λΛ∂
+
nM − ∂λM∂
+
n Λ) (12)
are polynomials, and they can be expressed by the formula
A+n = ((J0)
−1(λ∂λΛ)e
(n+1)Λ)out+ , (13)
where the subscripts +, − denote projection operators, (
∑
∞
−∞
unp
n)+ =∑
∞
n=0 unp
n, (
∑
∞
−∞
unp
n)− =
∑n=−1
−∞
unp
n. In a similar way, taking a term
of the generating relation containing dt∧dxn, we conclude that the functions
B+n = (J0)
−1(∂tΛ∂
+
nM − ∂tM∂
+
n Λ) (14)
4
are also polynomials, and they can be expressed by the formula
B+n = ((J0)
−1(∂tΛ)e
(n+1)Λ)out+ , (15)
Resolving (12), (14) as linear equations with respect to ∂+n Λ, ∂
+
nM , we
obtain Lax-Sato equations for the times xn,
∂+n
(
Λ
M
)
= (A+n ∂t −B
+
n λ∂λ)
(
Λ
M
)
Taking the terms of the generating relation containing dλ ∧ dyn, dt ∧ dyn,
we obtain Lax-Sato equations for the times yn,
∂−n
(
Λ
M
)
= (A−n ∂t −B
−
n λ∂λ)
(
Λ
M
)
,
where
A−n = ((J0)
−1(λ∂λΛ)e
−(n+1)Λ)in− ,
B−n = ((J0)
−1(∂tΛ)e
−(n+1)Λ)in− .
The compatibility of the flows defined by the Lax-Sato equations can be
proved similar to the case of Dunajski hierarchy [6], see also [5]. In explicit
form, a complete set of Lax-Sato equations reads(
∂+n
n+ 1
−
(
λ(e(n+1)Λ)λ
{Λ,M}
)out
+
∂t +
(
(e(n+1)Λ)t
{Λ,M}
)out
+
λ∂λ
)(
Λ
M
)
= 0, (16)

 ∂−n
n+ 1
+
(
λ(e−(n+1)Λ)λ
{Λ,M}
)in
−
∂t −
(
(e−(n+1)Λ
−
)t
{Λ,M}
)in
−
λ∂λ

(Λ
M
)
= 0, (17)
where the definition of the Poisson bracket is {f, g} = λ(fλgt − ftgλ). Lax-
Sato equations for the times x = x1, y = y1, ∂
+
1 = ∂x, ∂
−
1 = ∂y,
∂xΨ =
(
(λ+ (m+1 )t − l
+
1 )∂t − λl
+
1 ∂λ
)
Ψ,
∂yΨ =
(
1
λ
e−φ
mt
∂t +
(e−φ)t
mt
∂λ
)
Ψ,
where Ψ =
(
Λ
M
)
, m = m0 + t, correspond to the Lax pair (6), where the
coefficients in the first Lax-Sato equation can be transformed to the form (6)
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by taking its expansion at λ = 0, and the system (5) arises as a compatibility
condition.
Lax-Sato equations (16,17) define the evolution of the series Λin,Λout,
M in,Mout. The only term containing an interaction between Λ and M is
{Λ,M}. The condition {Λ,M} = 1 splits out equations for Λ and reduces
the hierarchy (16,17) to the d2DTL hierarchy, while the condition Λ = lnλ
– to the hierarchy, considered by Mart´ınez Alonso and Shabat [10, 11], see
also Pavlov [3].
2.1 The dressing scheme
A dressing scheme for the generalized two-component d2DTL hierarchy can
be formulated in terms of the two-component nonlinear Riemann-Hilbert
problem on the unit circle S in the complex plane of the variable λ,
Λout = F1(Λ
in,M in),
Mout = F2(Λ
in,M in), (18)
where the functions Λout(λ,x,y, t), Mout(λ,x,y, t) are defined inside the
unit circle, the functions Λin(λ,x,y, t), M in(λ,x,y, t) outside the unit circle
by the series of the form (8), (9), with Λin− lnλ, M in−M in0 analytic in the
unit disc, and Λout − lnλ, Mout −Mout0 analytic outside the unit disc and
decreasing at infinity. The functions F1, F2 are suggested to define (at least
locally) a diffeomorphism of the plane, F ∈ Diff(2), and we call them the
dressing data. Let us consider a differential form
Ω = dΛ ∧ dM.
The condition for this form on the unit circle is determined by the Jacobian
of the diffeomorphism defined by F1, F2,
Ωout =
∣∣∣∣ D(F1, F2)D(Λin,M in)
∣∣∣∣Ω−, (19)
where for the Jacobian we use a notation∣∣∣∣D(f, g)D(x, y)
∣∣∣∣ = det D(f, g)D(x, y) = det
(
∂f
∂x
∂f
∂y
∂g
∂x
∂g
∂y
)
.
Expressing the differential d in terms of independent variables λ, x, y, t (11),
we come to the conclusion that all the coefficients of the differential two-
form Ω in terms of these variables transform according to the condition (19).
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Normalizing the form by one of the coefficients, we obtain the differential
form continuous on the unit circle. Taking the coefficient corresponding to
dλ ∧ dt, we obtain the relation(∣∣∣∣D(Λ,M)D(λ, t)
∣∣∣∣
−1
Ω
)out
=
(∣∣∣∣D(Λ,M)D(λ, t)
∣∣∣∣
−1
Ω
)in
, (20)
which is equivalent to the generating relation (10) after multiplication by
λ−1,
J0 = λ
∣∣∣∣D(Λ,M)D(λ, t)
∣∣∣∣ = det
(
λ∂λΛ ∂tΛ
λ∂λM ∂tM
)
.
2.2 Differential reductions
Recently we have introduced a class of reductions of the Manakov-Santini
hierarchy [5] connected with the interpolating system [12]. Similar reduc-
tions can be constructed for the generalized two-component d2DTL hier-
archy, we are going to study them in detail elsewhere. Here we will only
present the simplest reduction, which is analogous to the reduction of the
Manakov-Santini system leading to the interpolating system [12]. The re-
duced hierarchy is defined by the relation
(exp(−αΛ)dΛ ∧ dM)out = (exp(−αΛ)dΛ ∧ dM)in,
where α is a parameter (α = 0 corresponds to the case of d2DTL hierarchy),
which implies that
J0 = λ
−α exp(αΛ),
and in terms of the system (5) we get a reduction
eαφ = mt.
This reduction makes it possible to rewrite the system (5) as one equation
for m,
mtt = (mt)
1
α (mtymx −mxymt),
or in the form of deformed d2DTL equation,
(e−φ)tt = mtφxy −mxφty,
mt = e
αφ.
3 Transformations and a symmetric generalization
The system (5) we have introduced above doesn’t preserve the symmetry
of the dispersionless 2DTL equation (7) with respect to the variables x, y.
To introduce a symmetric generalization of the equation (7) and its elliptic
version
(e−φ)tt = φzz¯, (21)
it is possible to change the form of the series for Λ, M to have an explicit
symmetry between zero and infinity in the complex plane of the spectral
variable λ, then the generating relation (10) will lead to symmetric Lax-
Sato equations. However, we prefer to consider first the transformations of
the hierachy that will allow us to transfer to the symmetric case and will give
the connection between different generalizations of the d2DTL equation.
First, there is a gauge transformation, present already in d2DTL case
[7, 8], which changes the Lax pair, but preserves the equations
λ→ λ exp(−ǫφ),
where ǫ is a parameter. After this transformation we get Λ of the form
Λout = lnλ− ǫφ+
∞∑
k=1
l+k λ
−k,
Λin = lnλ+ (1− ǫ)φ+
∞∑
k=1
l−k λ
k.
In the Lax pair one should perform a substitution
λ→ λ exp(−ǫφ), ∂λ → exp(ǫφ)∂λ.
∂x → ∂x + ǫλφx∂λ, ∂y → ∂y + ǫλφy∂λ, ∂t → ∂t + ǫλφt∂λ,
In the elliptic d2DTL case (21) for ǫ = 12 we get a symmetric Lax pair
∂zΨ = L1Ψ =
(
(λe−
1
2
φ)∂t +
1
2
(φz + λe
−
1
2
φφt)λ∂λ
)
Ψ,
∂z¯Ψ = L2Ψ =
(
(
1
λ
e−
1
2
φ)∂t −
1
2
(φz¯ + λe
−
1
2
φφt)λ∂λ
)
Ψ,
and on the unit circle L1 = L¯2.
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To get a symmetric two-component generalization of the ellyptic d2DTL
equation and a symmetric Lax pair for it, we should also use a hodograph
type transformation
t = τ − αm0
(where τ is a new ‘time’, α is a parameter), which gives M of the form
Mout = Mout0 + (1− α)m0 +
∞∑
k=1
m+k e
−kΛ+,
M in = M in0 − αm0 +
∞∑
k=1
m−k e
kΛ+ ,
M0 = τ + xe
Λ + ye−Λ + . . .
Derivatives transform as follows,
∂x → ∂x +
αm0x
1− αm0τ
∂τ , ∂y → ∂y +
αm0y
1− αm0τ
∂τ , ∂t → ∂τ +
αm0τ
1− αm0τ
∂τ .
Applying these transformations to the system (5), wherem = m0+t, we ob-
tain a one-parametric family of two-component generalizations of the d2DTL
equation.
Taking x = z, y = z¯, ǫ = 12 , φ→ −2ϕ, α =
1
2 , m0 = −2iµ, we get
Λout = lnλ+ ϕ+
∞∑
k=1
l+k λ
−k, Λin = lnλ− ϕ+
∞∑
k=1
l−k λ
k,
Mout = Mout0 + iµ+
∞∑
k=1
m+k e
−kΛ, M in = M in0 − iµ+
∞∑
k=1
m−k e
kλ,
M0 = τ + ze
Λ + z¯e−Λ + . . .
where for the case of ellyptic d2DTL we suggest that µ, ϕ are real, and on
the unit circle λλ¯ = 1
Mout = M¯ in,
Λout = −Λ¯in.
From the Lax pair (6) we obtain a symmetric Lax pair
∂zΨ = L1Ψ, L1 = (λe
ϕu+ v)∂τ + ((ϕτv − ϕz)− λue
ϕϕτ )λ∂λ,
∂z¯Ψ = L2Ψ, L2 = (
1
λ
eϕu¯+ v¯)∂τ − ((ϕτ v¯ − ϕz¯)−
1
λ
u¯eϕϕτ )λ∂λ,
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on the unit circle L1 = L¯2,
u =
1
1 + iµτ
, v =
−iµz
1− iµτ
.
Equation (5) transforms to the symmetric two-component generalization of
the ellyptic d2DTL equation (21),
(vz¯ + e
ϕu∂τ (e
ϕu¯) + v∂τ v¯)− c.c. = 0,
(∂z¯(ϕτv − ϕz) + e
ϕu∂τ (u¯e
ϕϕτ )− v∂τ (ϕτ v¯ − ϕz¯) + uu¯e
2ϕϕτϕτ )
+c.c. = 0
If µ = 0 (u = 1, v = 0), the first equation vanishes, the second gives the
d2DTL equation for φ = (−2ϕ).
If ϕ = 0, the second equation vanishes, the first gives
(vz¯ + u∂τ (u¯) + v∂τ v¯)− c.c. = 0,
or, in explicit form,
µττ =
1
2
(µzµz¯− (1+µ
2
τ ))
−1(µ2τ (∂τ (µzµz¯)− i(µzτµz¯−µzµz¯τ ))−µzz¯(1+µ
2
τ )).
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